In this work, analytical formulas for the static multipole polarizabilities of hydrogen-like ions are derived by using the analytical wave functions and the reduced Green function and by applying a numerical fitting procedure. Our results are then applied to the studies of blackbody radiation shifts to atomic energy levels at different temperatures. Our analytical results can be served as a benchmark for other theoretical methods. *
I. INTRODUCTION
Hydrogen is one of the most studied atomic systems. Hydrogen is also a prototype for studying alkali atoms and highly charged hydrogen-like ions. The static polarizabilities of hydrogen-like systems are very important for high-precision spectroscopy experiments. Different computational methods have been developed for evaluating static polarizabilities of simple atomic systems [1] [2] [3] [4] . The analytical expressions for both the Schrödinger-and Dirac-Green functions of hydrogen have been derived by Swainson and Drake [5] [6] [7] . In their approach, the wave functions and the Green functions are expressed as infinite series involving Laguerre functions, which is a Sturmian form in essence. A formal scheme for deriving the dipole polarizabilities of hydrogen has been given by Krylovetsky et al. [8] ,
where the Sturmian polynomials are also used in their work to describe the wave functions and the Green function. Analytical expressions for the dipole polarizabilities of hydrogen in an arbitrary atomic state have been obtained by Baye [9] . However, analytical results for multipole polarizabilities of hydrogen are still less investigated, which will be the main focus of the present work. This paper is organized as follows. In Sec. II, we introduce the theoretical formalism. In Sec. III, we demonstrate our fitting procedure for obtaining analytical expressions of static multipole polarizabilities. In Sec. IV, we apply our results to the calculations of the blackbody radiation shifts of the hydrogen atom.
II. FORMALISM
In spherical coordinates, the wave function for a spherically symmetric potential V (r) can be written in the form
where R nl (r) is the radial part and Y lm (θ, φ) is the spherical harmonics. In atomic units, the radial equation for R nl (r) is
For hydrogen, V (r) = −1/r and the energy eigenvalue is −1/(2n 2 ).
When an external electric field exists, atomic energy levels will be shifted due to the Stark effect. We can treat the electric field as a perturbation if it is weak. The energy shift ∆E can then be expanded in terms of the external field E according to Ref. [12] 
where α d and α q are, respectively, the electric dipole and quadrupole polarizabilities, ∂E is the field gradient at the origin, and β and γ are the hyperpolarizabilities. In Eq. (3), the terms in square bracket attribute to two-photon process, which means that the electron absorbs one photon and then emits one photon or vice versa. Considering a multipole electric polarizability, a general expression for a two-photon process can be written as
where Q (λ) µ is the multipole operator defined by
and λ is the multiplicity, such as λ = 1 for dipole, λ = 2 for quadrupole and so on. The validity of multipole expansion of an external field is when the external field wavelength is much longer than the characteristic length of the atom. The prime notation on 1/(E 0 − H 0 ) indicates that it is the reduced Green function. Rewriting Eq. (4) in the spatial representation we have
Following Refs. [5, 7] , the radial part of the non-relativistic wave function can be written as
where L l n (z) is the generalized Laguerre function and N nl is the normalization factor N nl = 2/n 2 (n − l − 1)!/ (n + l)! .
The reduced Green function in spherical coordinates can be expressed as
where the radial function g l ′ (r 1 , r 2 ; E n ) can be expressed as a Sturmian polynomial
With these expressions, we can rewrite Eq. (5) in the form of separated radial and angular
The treatment of angular part is quite straightforward by using
where (λ, l, l ′ ) ≡ (2λ + 1)(2l + 1)(2l ′ + 1). The angular part thus becomes
In the case of scalar polarizability, we should sum over magnetic quantum numbers m and m ′ and average over m. Using the relation
we can obtain the final expression of the angular part
Let us now consider the radial part in Eq. (9) . Introducing the following integral
the scalar polarizability can be written in the form
It is noted that the range of l ′ in the above is from |l − λ| to l + λ with step 2. Recalling the Sturmian form of the wave function and the reduced Green function Eqs. (6) and (8),
nll ′ can be reduced as a series of the basic integral [13] ∞ 0
x
nll ′ should be a polynomial of the principal quantum number n and angular quantum number l. Therefore, we can assume that the polarizability can be written in the following general form
where C ij are the expansion coefficients that need to be determined.
III. SCALAR POLARIZABILITIES

A. Dipole polarizability
We first discuss the dipole polarizability where λ = 1 and the corresponding dipole
For each l ′ we fit our expression to an analytical formula and then sum over l ′ to obtain a final expression.
We first consider the radial integral
According to Eqs. (6), (8) , and (15), M (1) nll ′ in the above equation can be easily evaluated numerically or analytically. It should be noted that, since the binomial coefficient m n requires both m and n to be non-negative integrals, the range of k in Eq. (8) is actually finite. We choose the upper limit of k to be 100, which is sufficient for this work. The radial integral M (1) nll ′ can be written in a similar form as Eq. (16) but with different coefficients
We set l from 1 to 20, and for each of them, we take 20 allowed principal quantum numbers n. Since in the dipole case, l ′ is |l − 1| and l + 1, we have two cases of radial integral M
nl,l+1 . Thus these radial integrals can form a matrix of 20 × 20 with respect to n and l, with their matrix elements denoted by M (1) nl (n, l). Recalling the simultaneous equations Eq. (19), our task is to determine the coefficients c (1) i and d (1) ij by a fitting procedure. In order to do this, we must first make some appropriate assumptions. We assume that the power index of n has a pattern of 2λ + 2i, (i = 1, 2, · · · , 20). In the dipole case, it is 4, 6, 8, · · · .
Then we have an initial form for this radial integral as c
The maximum value of x i is still unknown at this stage and we temporarily set it to be 20. We first fit c (1) i to the exact values by solving the following equations
where M (1) nl (n j , l k ) are the matrix elements evaluated numerically according to Eq. (18). For given l k , we select 20 values of n j and solve the resulting equations simultaneously. We show the results of c Table III of Appendix A 1 to demonstrate the fitting process. We can see that only the coefficients c 
where the row and column index is, respectively, l and n. After determining c (1) i , we further solve the following equations to obtain d
where c (1) (l i , x k ) are matrix elements. At this stage, we assume that y j are non-negative integers and l is from 1 to 20, the same as the c 
By including the following angular coefficients defined in Eq. (12) with µ = 0
we finally obtain the analytical expression for the scalar dipole polarizability denoted by α
which agrees with Ref. [9] .
B. Multipole polarizabilities
The expressions for higher-order polarizabilities can be obtained in a similar way. In this work, we mainly deal with the quadrupole (λ = 2) and octupole (λ = 3) polarizabilities.
Again, we focus on scalar polarizabilities. For the quadrupole case, Q 
Inserting the angular parts in Eq. (12) with µ = 0, we have the scalar quadrupole polarizability denoted by α
In the octupole case, l ′ takes |l − 3|, |l − 1|, l + 1, l + 3, and Q (31)
As we assumed at the beginning of our fitting process, the scalar polarizabilities can be expressed as a polynomial of the principal quantum number n, written as i C i n x i , where C i are polynomials of the orbital quantum number l, written as C i = j d ij l y ij . We can now see that the actual l dependence of C i is a polynomial of l(l + 1).
We now compare our results with the calculations of Tang et al. [4] , as listed in There is a scaling relation for multipole polarizabilities of different nuclear charge Z. The multipole polarizability has a general expression r λ 1 E−H r λ , where λ is the multiplicity. By noting that r scales as 1/Z and E − H scales as Z 2 , the term r λ 1 E−H r λ thus scales as 1/Z 2λ+2 . We therefore have the following relation
as reflected in Table I .
As the multiplicity λ increases, the range of the n-power index x i becomes larger, 2λ + 2i, with i = 1, 2, · · · , λ + 1. Taking λ = 5 as an example, the n-power index values are 12, 14, 16, 18, 20, 22 , which are exactly ranging from 2λ + 2 to 2λ + 2(λ + 1) with a step of 2.
For a certain C i , the l(l + 1)-power index y ij ranges from 0 to (x max − x i )/2. Taking λ = 5
as an example again, x max = 22, then the coefficient of n 12 has the terms from [l(l + 1)] y in which y ranges from 0 to (22 − 12)/2 = 5. The correspondent coefficient of n 14 has terms of [l(l + 1)] 0 ∼ [l(l + 1)] 4 just because of (22 − 14)/2 = 4. The highest-order term n 22 has coefficient with only [l(l + 1)] 0 . This pattern can be tested in different λ cases we listed. However, the pattern of l(l + 1) coefficients d ij has not been found, which may be an interesting question.
IV. APPLICATION ON BLACKBODY RADIATION SHIFT
Blackbody radiation (BBR) shift in an atomic system is due to the AC Stark effect, which is related to the dynamical polarizability of the system. The BBR is isotropic and thus it can be described by the scalar polarizability. Some studies on BBR shifts to atomic energy levels can be found in [11, [14] [15] [16] [17] , including relativistic and QED corrections. Here we only focus on the nonrelativistic energy shift due to the BBR, which is given by
where [(E 0 − H 0 ) 2 − ω 2 ] −1 is the Green function, ω is the photon energy from BBR, and k B is the Boltzmann constant. Usually the photon energy is much smaller than the energy intervals in atom so that we may expand
Then we recast Eq. (33) into the following form
where the (E 0 − H 0 ) −1 is the reduced Green function shown in Eqs. (7) and (8) . We can see that the BBR shift can be expressed in terms of static polarizabilities. The leading-order BBR shift is
in natural units, or
in SI unites, where c is the speed of light, ǫ 0 is the permittivity, a 0 is Bohr radius, and E h is the Hartree energy. In the above equation, r(E 0 − H 0 ) −1 r is nothing but the static dipole polarizability, as shown in Eq. (24). The remaining integration over ω can be done and the result is In Table II , we list the BBR shifts to the 1S and 2S states of hydrogen. Our results for the 1S state are in good agreements with Ref. [11] . For the 2S state, however, there exist significant discrepancies between our results and Ref. [11] , especially at low temperatures.
We will discuss this issue later.
The second-order BBR shift is given by
(38)
In the coordinate representation, the key quantity we need to calculate is
The angular part of this integral can be easily evaluated due to the orthogonality relation of spherical harmonics. The radial part can be written in the form
Since the angular part contains δ l 1 l 2 and δ l 2 ,l 3 , the three radial functions g l i will have the 
The corresponding BBR shift to the 1S state of hydrogen at 300 K is −3.8878 × 10 −6 Hz, which is much smaller than the leading-order one and can be omitted in most cases.
In Appendix A 2, we give the analytical expressions for r(E 0 −H 0 ) −2 r and r(E 0 − H 0 ) −4 r , which will be useful in higher-order perturbation calculations. For instance, one should calculate r(E 0 − H 0 ) −2 r when considering the second-order perturbation of Eq. (36).
Our approach here is nonrelativistic in nature, which works well for the ground states, as shown in Table II . However, for exited nS states, even for n = 2, the discrepancy appears, especially at lower temperatures. In Ref. [11] , the radial wave function is treated under the Schrödinger-Pauli approximation, whereas the angular part is treated using a Dirac spinor and the Dirac angular quantum number. Further, they also consider the Lamb shift and finestructure contributions. Table II also shows that, for the 2S state, the discrepancy between our results and Ref. [11] becomes more significant as the temperature decreases, due to the relativistic effect. In the nonrelativistic limit, the BBR shift acts as T 4 /Z 4 ; whereas the relativistic correction acts as (ZαT ) 2 . Therefore, the relativistic correction becomes more important for high Z and/or low T [11, 17] .
V. SUMMARY
In this work, based on the analytical wave function and the reduced Green function, we have obtained the analytical expressions for the scalar multipole polarizabilities of hydrogen-like ions through a numerical fitting procedure. These analytical expressions can be expressed as a polynomial of n and l(l + 1). We have applied our results to the BBR calculations and found that the relativistic effects are particularly important at low temperatures.
Our analytical formulas can be served as a benchmark for other computational methods.
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